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Abstract
Grassmann-valued Dirac fields together with the electromagnetic field (the
pseudoclassical basis of QED) are reformulated on spacelike hypersurfaces in
Minkowski spacetime and then restricted to Wigner hyperplanes to get their
description in the rest-frame Wigner-covariant instant form of dynamics. The
canonical reduction to the Wigner-covariant Coulomb gauge is done in the rest
frame. It is shown, on the basis of a geometric incosistency, that the descrip-
tion of fermions is incomplete, because there is no bosonic carrier of the spin
structure describing the trajectory of the electric current in Minkowski space-
time, as it was already emphasized in connection with the first quantization
of spinning particles in a previous paper.
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I. INTRODUCTION
In a series of papers [1–4] inspired by Ref. [5] the canonical reduction to a generalized
noncovariant Coulomb gauge of the standard SU(3)xSU(2)xU(1) model of elementary par-
ticles was obtained by using the Shanmugadhasan canonical transformation [6] [see Refs. [7]
for reviews].
In Ref. [8,9] there was the definition of a new type of instant form of dynamics, the
rest-frame 1-time Wigner-covariant instant form, which generalizes to special relativity the
canonical separation of the center of mass from the relative variables of an isolated system. It
required the reformulation of classical isolated systems on arbitrary spacelike hypersurfaces
foliating Minkowski spacetime (covariant 3+1 splitting), in a way which is suited to the
coupling to the gravitational field. The canonical reduction of tetrad gravity [10] will, then,
open the path to get a unified Hamiltonian description of the four interactions.
Therefore, one now has nearly all the technology needed to reduce the standard model
to a rest-frame Wigner-covariant generalized Coulomb gauge. This has been done for its
bosonic part in Refs. [8,9,11], where the coupling of positive energy charged scalar particles
plus the electromagnetic and color Yang-Mills fields was studied in the rest-frame Wigner-
covariant instant form.
If one makes the canonical reduction of the gauge degrees of freedom of the isolated sys-
tem in the rest-frame instant form on theWigner hyperplane, one gets the rest-frameWigner-
covariant generalized Coulomb gauge in which the universal breaking of covariance is re-
stricted to the decoupled center-of-mass variable. However, as shown in Refs. [1,8,11], the re-
gion of spacetime over which this noncovariance is spread, is finite in spacelike directions and
identifies a classical intrinsic unit of length, the Møller radius ρ =
√−W 2/P 2 = | ~ˆS|/√P 2,
where P 2 > 0 and W 2 = −P 2 ~ˆS
2
are the Poincare´ Casimirs and ~ˆS the Thomas rest-frame
spin of the isolated system respectively. This unit of length gives rise to a physical intrinsic
ultraviolet cutoff at the quantum level in the spirit of Dirac and Yukawa.
To get the description of the standard model on spacelike hypersurfaces one still needs
the formulation of fermions on them. This is also needed for treating the fermions in general
relativity: given their coupling to tetrad gravity (see for instance Refs. [12,13]) one needs this
formulation to arrive at the ADM canonical formalism based on 3+1 splittings of the globally
hyperbolic asymptotically flat spacetime. However, as can be seen in Refs. [14], where there
is known on the subject, in general one restricts himself to hyperplanes xo = const. and
there is no real discussion of the Dirac brackets associated with the second class constraints.
As a first step, in a previous paper [15] there was the study of positive energy charged
spinning particles plus the electromagnetic field, to which we refer for a review of the ap-
proach and for the problematic concerning the spin structure of these particles.
In this paper we shall study the formulation of Grassmann-valued Dirac fields plus the
electromagnetic field on spacelike hypersurfaces in Minkowski spacetime. This is the pseu-
doclassical basis of QED.
In Section II there is the description of Grassmann-valued Dirac and Maxwell fields on
spacelike hypersurfaces in Minkowski spacetime.
In Section III there is their restriction to arbitrary spacelike hyperplanes, while in Section
IV there is the rest-frame description on Wigner hyperplanes.
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In SEction V there is the canonical reduction of the system to the Wigner-covariant
Coulomb gauge: a canonical basis of Dirac’s observables is found and the reduced Hamilton
equations are determined.
In the Conclusions there are some comments on the incompleteness of the description of
fermions and on their quantization.
In Appendix A there is a review on the foliations of Minkowski spacetime with spacelike
hypersurfaces.
In Appendix B there is a discussion on the Lagrangian for Dirac’s fields on spacelike
hypersurfaces.
In Appendix C there are the transformation properties of Dirac’s fields under Wigner
boosts.
3
II. DIRAC AND MAXWELL FIELDS ON SPACELIKE HYPERSURFACES.
As in Ref. [8], let us consider a 3+1 splitting of Minkowski spacetime with a family of
spacelike hypersurfaces Στ , whose points z
µ(τ, ~σ) are labelled by Lorentz-scalar parameters:
i) τ labelling the leaves of the foliation; ii) ~σ giving curvilinear coordinates on each leave.
The coordinates zµ(τ, ~σ) will be the fields describing the hypersurface. See Appendix A for a
review of notations and concepts, in particular for the flat tetrads zµ
Aˇ
(τ, ~σ) and their inverse
cotetrads zAˇµ (τ, ~σ), connected to the 3+1 splittings.
On the hypersurface Στ , we describe the electromagnetic potential and field strength
with Lorentz-scalar variables AAˇ(τ, ~σ) and FAˇBˇ(τ, ~σ) respectively, defined by
AAˇ(τ, ~σ) = z
µ
Aˇ
(τ, ~σ)Aµ(z(τ, ~σ)),
FAˇBˇ(τ, ~σ) = ∂AˇABˇ(τ, ~σ)− ∂BˇAAˇ(τ, ~σ) = zµAˇ(τ, ~σ)zνBˇ(τ, ~σ)Fµν(z(τ, ~σ)), (1)
and knowing the embedding of the spacelike hypersurfaces in Minkowski spacetime by con-
struction.
The Grassmann-valued Dirac field on Στ will be
ψ˜(τ, ~σ) ≡ ψ(z(τ, ~σ)), ¯˜ψ(τ, ~σ) ≡ ψ¯(z(τ, ~σ)) = ψ†(τ, ~σ)γo. (2)
Since the field is Grassmann-valued, its components ψα(τ, ~σ), [α = 1, .., 4 are spinor
indices], satisfy
ψ˜α(τ, ~σ)
¯˜ψβ(τ, ~σ) +
¯˜ψβ(τ, ~σ)ψ˜α(τ, ~σ) = 0,
ψ˜α(τ, ~σ)ψ˜β(τ, ~σ) + ψ˜β(τ, ~σ)ψ˜α(τ, ~σ) = 0,
¯˜
ψα(τ, ~σ)
¯˜
ψβ(τ, ~σ) +
¯˜
ψβ(τ, ~σ)
¯˜
ψα(τ, ~σ) = 0. (3)
In Appendix B there is a discussion of the coupling of tetrad gravity to fermion fields
and of how to reexpress it after a 3+1 splitting of spacetime so to be able to define the
Hamiltonian formalism. After a restriction to Minkowski spacetime, with the previous 3+1
splitting, we get the form of the Lagrangian for Dirac fields on spacelike hypersurfaces Στ
[see Eq.(B3)]
L(τ, ~σ) = N(τ, ~σ)
√
γ(τ, ~σ)[
i
2
¯˜ψ(τ, ~σ)γµzA˘µ (τ, ~σ) (∂A˘ − ieAA˘(τ, ~σ)) ψ˜(τ, ~σ) +
− i
2
(∂A˘ + ieAA˘(τ, ~σ))
¯˜ψ(τ, ~σ)zA˘µ (τ, ~σ)γ
µψ˜(τ, ~σ)−m ¯˜ψ(τ, ~σ)ψ˜(τ, ~σ)] +
− N(τ, ~σ)
√
γ(τ, ~σ)
4
gA˘C˘(τ, ~σ)gB˘D˘(τ, ~σ)FA˘B˘(τ, ~σ)FC˘D˘(τ, ~σ). (4)
It is convenient to take as Lagrangian variables [since we will not use any more the
notation ψ(z(τ, ~σ)), no confusion will arise]
ψ˜ → ψ = 4√γ ψ˜,
¯˜
ψ → ψ¯ = 4√γ ¯˜ψ. (5)
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Since on spacelike hyperplanes [8] one has γ(τ, ~σ) = 1, there we shall recover ψ = ψ˜.
Eq.(4) becomes [see Appendix A for the definition of the lapse and shift functions N ,
N rˇ; see also Ref. [11]]
L(τ, ~σ) = N(τ, ~σ)[ i
2
ψ¯(τ, ~σ)γµzA˘µ (τ, ~σ) (∂A˘ − ieAA˘(τ, ~σ))ψ(τ, ~σ) +
− i
2
(∂A˘ + ieAA˘(τ, ~σ)) ψ¯(τ, ~σ)z
A˘
µ (τ, ~σ)γ
µψ(τ, ~σ)−mψ¯(τ, ~σ)ψ(τ, ~σ)] +
− N(τ, ~σ)
√
γ(τ, ~σ)
4
gA˘C˘(τ, ~σ)gB˘D˘(τ, ~σ)FA˘B˘(τ, ~σ)FC˘D˘(τ, ~σ) =
=
∫
dτd3σ[
i
2
lµ(ψ¯γ
µ(∂τ − ieAτ )ψ − (∂τ + ieAτ )ψ¯γµψ)−
− i
2
N rˇlµ(ψ¯γ
µ(∂rˇ − ieArˇ)ψ − (∂rˇ + ieArˇ)ψ¯γµψ) +
+
i
2
Nγ rˇsˇzsˇµ(ψ¯γ
µ(∂rˇ − ieArˇ)ψ −
− (∂rˇ + ieArˇ)ψ¯γµψ)−Nmψ¯ψ](τ, ~σ)−
− [
√
γ
2N
(Fτ rˇ −N uˇFuˇrˇ)γ rˇsˇ(Fτ sˇ −N vˇFvˇsˇ) +
+
N
√
γ
4
γ rˇsˇγuˇvˇFrˇuˇFsˇvˇ](τ, ~σ). (6)
The canonical momenta are [Erˇ = Frˇτ and Brˇ =
1
2
ǫrˇsˇtˇFsˇtˇ (ǫrˇsˇtˇ = ǫ
rˇsˇtˇ) are the electric and
magnetic fields respectively; for gAˇBˇ → ηAˇBˇ one gets πrˇ = −Erˇ = E rˇ]
πα(τ, ~σ) =
∂L(τ, ~σ)
∂(∂τψα)
= − i
2
(
ψ¯(τ, ~σ)γµ
)
α
lµ(τ, ~σ),
π¯α(τ, ~σ) =
∂L(τ, ~σ)
∂(∂τ ψ¯α)
= − i
2
(γµψ(τ, ~σ))a lµ(τ, ~σ),
πτ (τ, ~σ) =
∂LL(τ, ~σ)
∂(∂τAτ )
= 0,
πr˘(τ, ~σ) =
∂LL(τ, ~σ)
∂(∂τAr˘)
= − γ(τ, ~σ)√
g(τ, ~σ)
γ r˘s˘(τ, ~σ)(Fτ s˘ − gτ v˘γ v˘u˘Fu˘s˘)(τ, ~σ) =
=
γ(τ, ~σ)√
g(τ, ~σ)
γ rˇsˇ(τ, ~σ)(Esˇ(τ, ~σ) + gτ vˇ(τ, ~σ)γ
vˇuˇ(τ, ~σ)ǫuˇsˇtˇBtˇ(τ, ~σ)),
ρµ(τ, ~σ) = −∂
LL(τ, ~σ)
∂zµτ
= lµ(τ, ~σ)
{
− i
2
γ r˘s˘(τ, ~σ)zνs˘(τ, ~σ)
[
ψ¯(τ, ~σ)γν∂r˘ψ(τ, ~σ) +
− ∂r˘ψ¯(τ, ~σ)γνψ(τ, ~σ)
]
+mψ¯(τ, ~σ)ψ(τ, ~σ) +
− 1
2
√
γ(τ, ~σ)
πr˘(τ, ~σ)gr˘s˘(τ, ~σ)π
s˘(τ, ~σ) +
+
√
γ(τ, ~σ)
4
γ r˘s˘(τ, ~σ)γu˘v˘(τ, ~σ)Fr˘u˘(τ, ~σ)Fs˘v˘(τ, ~σ) +
− eγ r˘s˘(τ, ~σ)zνs˘(τ, ~σ)Ar˘(τ, ~σ)ψ¯(τ, ~σ)γνψ(τ, ~σ)
}
+
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+ zµs˘(τ, ~σ)γ
r˘s˘(τ, ~σ)
{ i
2
lν(τ, ~σ)
[
ψ¯(τ, ~σ)γν∂r˘ψ(τ, ~σ) +
− ∂r˘ψ¯(τ, ~σ)γνψ(τ, ~σ)
]
+
+ Fr˘u˘(τ, ~σ)π
u˘(τ, ~σ) + eAr˘(τ, ~σ)ψ¯(τ, ~σ)γ
νlν(τ, ~σ)ψ(τ, ~σ)
}
. (7)
They satisfy the Poisson brackets
{ψα(τ, ~σ), πβ(τ, ~σ′)} = {πβ(τ, ~σ′), ψα(τ, ~σ)} = −δαβδ3(~σ − ~σ′),
{ψ¯α(τ, ~σ), π¯β(τ, ~σ′)} = {π¯β(τ, ~σ′), ψ¯α(τ, ~σ)} = −δαβδ3(~σ − ~σ′),
{zµ(τ, ~σ), ρν(τ, ~σ′)} = −ηµν δ3(~σ − ~σ′),
{AA˘(τ, ~σ), πB˘(τ, ~σ′)} = ηB˘A˘δ3(~σ − ~σ′). (8)
The primary constraints are
χα(τ, ~σ) ≡ πα(τ, ~σ) + i
2
(
ψ¯(τ, ~σ)γµ
)
α
lµ(τ, ~σ) ≈ 0,
χ¯α(τ, ~σ) ≡ π¯α(τ, ~σ) + i
2
(γµψ(τ, ~σ))α lµ(τ, ~σ) ≈ 0,
πτ (τ, ~σ) ≈ 0,
Hµ(τ, ~σ) ≡ ρµ(τ, ~σ)− lµ(τ, ~σ)
{
− i
2
γ r˘s˘(τ, ~σ)zνs˘(τ, ~σ)
[
ψ¯(τ, ~σ)γν∂r˘ψ(τ, ~σ) +
− ∂r˘ψ¯(τ, ~σ)γνψ(τ, ~σ)
]
+mψ¯(τ, ~σ)ψ(τ, ~σ) +
− 1
2
√
γ(τ, ~σ)
πr˘(τ, ~σ)gr˘s˘(τ, ~σ)π
s˘(τ, ~σ) +
+
√
γ(τ, ~σ)
4
γ r˘s˘(τ, ~σ)γu˘v˘(τ, ~σ)Fr˘u˘(τ, ~σ)Fs˘v˘(τ, ~σ) +
− eγ r˘s˘(τ, ~σ)zνs˘(τ, ~σ)Ar˘(τ, ~σ)ψ¯(τ, ~σ)γνψ(τ, ~σ)
}
+
+ γ r˘s˘(τ, ~σ)zµs˘(τ, ~σ)
{ i
2
lν(τ, ~σ)
[
ψ¯(τ, ~σ)γν∂r˘ψ(τ, ~σ) +
− ∂r˘ψ¯(τ, ~σ)γνψ(τ, ~σ)
]
+
+ Fr˘u˘(τ, ~σ)π
u˘(τ, ~σ) + eAr˘(τ, ~σ)ψ¯(τ, ~σ)γ
νlν(τ, ~σ)ψ(τ, ~σ)
}
≈ 0. (9)
In Hµ(τ, ~σ) ≈ 0 the coefficient of lµ(τ, ~σ) is the energy density T ττ(τ, ~σ) of the isolated
system, while the coefficient of zrˇµ(τ, ~σ) is the 3-momentum density T
τ rˇ(τ, ~σ).
The canonical and Dirac Hamiltonians are
Hc =
∫
d3σ
[
− πα(τ, ~σ)∂τψα(τ, ~σ)− π¯α(τ, ~σ)∂τ ψ¯α(τ, ~σ) + πA˘(τ, ~σ)∂τAA˘(τ, ~σ) +
− ρµ(τ, ~σ)zµτ (τ, ~σ)− L(τ, ~σ)
]
= −
∫
d3σΓ(τ, ~σ)Aτ (τ, ~σ),
HD =
∫
d3σ
[
− Aτ (τ, ~σ)Γ(τ, ~σ) + λµ(τ, ~σ)Hµ(τ, ~σ) + a¯α(τ, ~σ)χα(τ, ~σ) +
+ χ¯α(τ, ~σ)aα(τ, ~σ) + µτ (τ, ~σ)π
τ (τ, ~σ)
]
, (10)
6
where λµ, µτ , aα are Dirac multipliers [aα are odd multipliers].
The constraints χα, χ¯α, are second class, because they satisfy the Poisson brackets
{χα(τ, ~σ), χ¯β(τ, ~σ′)} = −i (γµlµ(τ, ~σ))βα δ3(~σ − ~σ′). (11)
It is not convenient to go to Dirac brackets with respect to them at this stage, because
the fundamental variables would not have any more diagonal Dirac brackets; the elimina-
tion of these constraints will be delayed till when the theory will be restricted to spacelike
hyperplanes.
The constraints Hµ(τ, ~σ) ≈ 0 imply that the description is independent from the choice
of the family of spacelike hypersurfaces used to foliate Minkowski spacetime. Since these
constraints do not have zero Poisson brackets with χα, χ¯α
{H⊥(τ, ~σ), χα(τ, ~σ′)} = iγ r˘s˘(τ, ~σ)zµs˘(τ, ~σ)(∂r˘ψ¯(τ, ~σ)γµ)αδ3(~σ − ~σ′) +
+
i
2
(ψ¯(τ, ~σ)γµ)α∂r˘(γ
r˘s˘zµs˘)(τ, ~σ)δ
3(~σ − ~σ′) +
+ mψ¯α(τ, ~σ)δ
3(~σ − ~σ′) +
− eγ r˘s˘(τ, ~σ)zµs˘(τ, ~σ)Ar˘(τ, ~σ)(ψ¯(τ, ~σ)γµ)αδ3(~σ − ~σ′),
{H⊥(τ, ~σ), χ¯α(τ, ~σ′)} = iγ r˘s˘(τ, ~σ)zµs˘(τ, ~σ)(γµ∂r˘ψ(τ, ~σ))αδ3(~σ − ~σ′) +
+
i
2
(γµψ(τ, ~σ))α∂r˘(γ
r˘s˘zµs˘)(τ, ~σ)δ
3(~σ − ~σ′) +
− mψα(τ, ~σ)δ3(~σ − ~σ′) +
+ eγ r˘s˘(τ, ~σ)zµs˘(τ, ~σ)Ar˘(τ, ~σ)(γ
µψ(τ, ~σ))αδ
3(~σ − ~σ′),
{Hr˘(τ, ~σ), χα(τ, ~σ′)} = −i∂r˘(ψ¯(τ, ~σ)γµ)αlµ(τ, ~σ)δ3(~σ − ~σ′) +
+
i
2
(ψ¯(τ, ~σ′)γµ)αlµ(τ, ~σ
′)∂r˘δ3(~σ − ~σ′) +
+ eAr˘(τ, ~σ)(ψ¯(τ, ~σ)γ
µ)αlµ(τ, ~σ)δ
3(~σ − ~σ′),
{Hr˘(τ, ~σ), χ¯α(τ, ~σ′)} = −i∂r˘(γµψ(τ, ~σ))αlµ(τ, ~σ)δ3(~σ − ~σ′) +
+
i
2
(γµψ(τ, ~σ′))αlµ(τ, ~σ
′)∂r˘δ
3(~σ − ~σ′) +
− eAr˘(τ, ~σ)(γµψ(τ, ~σ))αlµ(τ, ~σ)δ3(~σ − ~σ′), (12)
where
H⊥(τ, ~σ) ≡ lµ(τ, ~σ)Hµ(τ, ~σ) ≈ 0,
Hr˘(τ, ~σ) ≡ zµr˘ (τ, ~σ)Hµ(τ, ~σ) ≈ 0, (13)
it is convenient to introduce the new constraints
H∗µ(τ, ~σ) = Hµ(τ, ~σ)−
∫
d3u{Hµ(τ, ~σ), χ¯β(τ, ~u)}i(γµlµ(τ, ~u))αβχα(τ, ~u) +
−
∫
d3u{Hµ(τ, ~σ), χβ(τ, ~u)}i(γµlµ(τ, ~u))βαχ¯α(τ, ~u) ≈ Hµ(τ, ~σ) ≈ 0,
{H∗µ(τ, ~σ), χα(τ, ~σ′)} ≈ 0, {H∗µ(τ, ~σ), χ¯α(τ, ~σ′)} ≈ 0,
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{H∗µ(τ, ~σ),H∗ν(τ, ~σ′)} ≈
{[
lµ(τ, ~σ)zr˘ν(τ, ~σ)− lν(τ, ~σ)zr˘µ(τ, ~σ)
]
πr˘(τ, ~σ)√
γ(τ, ~σ)
+
− zu˘µ(τ, ~σ)γu˘r˘(τ, ~σ)Fr˘s˘(τ, ~σ)γ s˘v˘(τ, ~σ)zv˘ν(τ, ~σ)
}
·
· Γ(τ, ~σ)δ3(~σ − ~σ′) ≈ 0. (14)
where Γ(τ, ~σ) ≈ 0, the Gauss law constraint, will be defined in the next equation. Therefore
the constraints H∗µ(τ, ~σ) ≈ 0 are constants of the motion and first class.
The time constancy of πτ (τ, ~σ) ≈ 0, i.e. ∂τ πτ (τ, ~σ) ◦= {πτ (τ, ~σ), HD} ≈ 0 [ ◦= means eval-
uated on the solution of the equations of motion], gives the Gauss law secondary constraint
Γ(τ, ~σ) = ∂rˇ π
rˇ(τ, ~σ) + eψ¯(τ, ~σ)γµlµ(τ, ~σ)ψ(τ, ~σ) ≈ 0. (15)
Since we have
{Γ(τ, ~σ), χα(τ, ~σ′)} = −eψ¯β(τ, ~σ)(γµlµ(τ, ~σ))βαδ3(~σ − ~σ′),
{Γ(τ, ~σ), χ¯α(τ, ~σ′)} = e(γµlµ(τ, ~σ))αβψβ(τ, ~σ)δ3(~σ − ~σ′), (16)
let us define
Γ∗(τ, ~σ) ≡ Γ(τ, ~σ) + ie[χαψα + ψ¯αχ¯α](τ, ~σ) ≈ 0. (17)
This new constraint satisfies
{Γ∗(τ, ~σ), χα(τ, ~σ′)} = −ieχα(τ, ~σ)δ3(~σ − ~σ′),
{Γ∗(τ, ~σ), χ¯α(τ, ~σ′)} = ieχ¯α(τ, ~σ)δ3(~σ − ~σ′),
{Γ∗(τ, ~σ),H∗µ(τ, ~σ
′
)} ≈ 0,
{Γ∗(τ, ~σ),Γ∗(τ, ~σ′)} ≈ 0,
{Γ∗(τ, ~σ), πτ (τ, ~σ′)} = 0. (18)
Therefore, Γ∗(τ, ~σ) ≈ 0 is a constant of motion and a first class constraint like πτ (τ, ~σ) ≈ 0.
The time constancy of χα, χ¯α
∂τχα(τ, ~σ)
◦
= {χα(τ, ~σ), HD} = −eAτ (τ, ~σ) (ψ¯(τ, ~σ)γµ)αlµ(τ, ~σ) +
+ ia¯β(τ, ~σ)(γ
µlµ(τ, ~σ))βα ≈ 0,
∂τ χ¯α(τ, ~σ)
◦
= {χ¯α(τ, ~σ), HD} = eAτ (τ, ~σ) lµ(τ, ~σ)(γµψ(τ, ~σ))α −
− iaβ(τ, ~σ)(γµlµ(τ, ~σ))αβ ≈ 0, (19)
gives
a¯α(τ, ~σ)χα(τ, ~σ) + aα(τ, ~σ)χ¯α(τ, ~σ) ≈ −ieAτ (τ, ~σ)(χαψα + ψ¯αχ¯α)(τ, ~σ), (20)
so that the final Dirac Hamiltonian is
HD =
∫
d3σ
[
− Aτ (τ, ~σ)Γ∗(τ, ~σ) + λµ(τ, ~σ)H∗µ(τ, ~σ) + µτ(τ, ~σ)πτ (τ, ~σ)
]
(21)
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in which only the first class constraints H∗µ, πτ , Γ∗ appear.
One can show that the 10 Poincare´ generators
psµ =
∫
d3σρµ(τ, ~σ),
Jµν =
∫
d3σ
[
zµ(τ, ~σ)ρν(τ, ~σ)− zν(τ, ~σ)ρµ(τ, ~σ)
]
+
+
i
2
∫
d3σ
[
π(τ, ~σ)σµνψ(τ, ~σ) + ψ¯(τ, ~σ)σµν π¯(τ, ~σ)
]
, (22)
and the electric charge [see Ref. [1] for the boundary conditions on the fields and for the
extraction of this weak charge from the Gauss law first class constraint]
Q = −e
∫
d3σ
[
ψ¯(τ, ~σ)γµlµ(τ, ~σ)ψ(τ, ~σ)
]
, (23)
are constants of the motion.
Let us note that like γo the matrix γµlµ(τ, ~σ) satisfies [γ
µlµ(τ, ~σ)]
2 = I and that we have
{zµ(τ, ~σ), psν} = −ηµν .
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III. RESTRICTION TO SPACELIKE HYPERPLANES.
As in Ref. [8], let us restrict ourselves to spacelike hyperplanes ΣτH by adding the gauge
fixings
ζµ(τ, ~σ) = zµ(τ, ~σ)− xµs (τ)− bµr˘ (τ)σr˘ ≈ 0,
{ζµ(τ, ~σ),H∗ν(τ, ~σ′)} = −ηµν δ3(~σ − ~σ′), (24)
and the Dirac brackets
{A,B}∗ = {A,B} −
∫
d3σ
[
{A, ζµ(τ, ~σ)}{H∗µ(τ, ~σ), B}+
− {A,H∗µ(τ, ~σ)}{ζµ(τ, ~σ), B}
]
. (25)
The hyperplane ΣτH is described by 10 configuration variables: an origin x
µ
s (τ) and
the 6 independent degrees of freedom in an orthonormal tetrad bµ
Aˇ
(τ) [bµ
Aˇ
ηµνb
ν
Bˇ
= ηAˇBˇ]
with bµτ = l
µ, where lµ is the τ -independent normal to the hyperplane. Now, we have
zµrˇ (τ, ~σ) ≡ bµrˇ (τ), zµτ (τ, ~σ) ≡ x˙µs (τ) + bµrˇ (τ)σrˇ, grˇsˇ(τ, ~σ) ≡ −δrˇsˇ, γ rˇsˇ(τ, ~σ) ≡ −δrˇsˇ, γ(τ, ~σ) =
det grˇsˇ(τ, ~σ) ≡ 1. The nonvanishing Dirac brackets of the variables xµs , pµs , bµA˘, Sµνs , AA˘, πA˘,
are [Cµναβγδ = η
ν
γη
α
δ η
µβ + ηµγ η
β
δ η
να − ηνγηβδ ηµα − ηµγ ηαδ ηνβ are the structure constants of the
Lorentz group]
{xµs (τ), pνs}∗ = −ηµν ,
{Sµνs (τ), bρA˘}∗ = ηρνb
µ
A˘
(τ)− ηρµbν
A˘
(τ),
{Sµνs (τ), Sαβs (τ)}∗ = Cµναβγδ Sγδs (τ). (26)
While pµs is the momentum conjugate to x
µ
s , the 6 independent momenta conjugate to
the 6 degrees of freedom in the bµ
Aˇ
’s are hidden in Sµνs , which is a component of the angular
momentum tensor
Jµν = Lµνs + S
µν
s + S
µν
ψ ,
Lµνs = x
µ
s (τ)p
ν
s − xνs(τ)pµs ,
Sµνs = b
µ
r˘ (τ)
∫
d3σσr˘ρν(τ, ~σ)− bνr˘ (τ)
∫
d3σσr˘ρµ(τ, ~σ),
Sµνψ =
i
2
∫
d3σ
[
π(τ, ~σ)σµνψ(τ, ~σ) + ψ¯(τ, ~σ)σµν π¯(τ, ~σ)
]
,
{Jµν , Jαβ}∗ = Cµναβγδ Jγδ, {Lµνs , Lαβs }∗ = Cµναβγδ Lγδs ,
{Sµνs , Sαβs }∗ = Cµναβγδ Sγδs , {Sµνξ , Sαβξ }∗ = Cµναβγδ Sγδξ . (27)
The relations
{Sµνψ , ψα(τ, ~σ)}∗ =
i
2
(σµνψ(τ, ~σ))α,
{Sµνψ , ψ¯α(τ, ~σ)}∗ = −
i
2
(ψ¯(τ, ~σ)σµν)α, (28)
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show that Sµνψ is the generator of the symplectic action of the Lorentz transformations on
the Dirac fields.
Since by asking the time constancy of the gauge fixings (24) we get [8] λµ(τ, ~σ) =
λ˜µ(τ) + λ˜µν(τ)b
ν
rˇ (τ)σ
rˇ, λ˜µ(τ) = −x˙µs (τ), λ˜µν(τ) = −λ˜νµ(τ) = 12
∑
rˇ[b˙
µ
rˇ b
ν
rˇ − bµrˇ b˙νrˇ ](τ), the
Dirac Hamiltonian becomes
HFD = λ˜
µ(τ)H˜∗µ(τ)−
1
2
λ˜µν(τ)H˜∗µν(τ) +
∫
d3σ
[
−Aτ (τ, ~σ)Γ∗(τ, ~σ) + µτ (τ, ~σ)πτ (τ, ~σ)
]
, (29)
where
H˜∗µ(τ) =
∫
d3σH∗µ(τ, ~σ) ≈ 0,
H˜∗µν(τ) = bµr˘(τ)
∫
d3σσr˘H∗ν(τ, ~σ)− bνr˘(τ)
∫
d3σσr˘H∗µ(τ, ~σ) ≈ 0. (30)
On ΣτH the second class constraints have the form
χα(τ, ~σ) = πα(τ, ~σ) +
i
2
(ψ¯(τ, ~σ)γµ)αbµτ ≈ 0 ,
χ¯α(τ, ~σ) = π¯α(τ, ~σ) +
i
2
(γµψ(τ, ~σ))αbµτ ≈ 0 ,
{χα(τ, ~σ), χ¯β(τ, ~σ′)}∗ = −i(γµbµτ )βαδ3(~σ − ~σ′),[
(γµbµτ )
2 = I
]
. (31)
and can be eliminated by introducing the Dirac brackets
{A,B}∗D = {A,B}∗ −
∫
d3u{A, χα(τ, ~u)}∗i(γµbµτ )αβ{χ¯β(τ, ~u), B}∗ +
−
∫
d3u{A, χ¯α(τ, ~u)}∗i(γµbµτ )βα{χβ(τ, ~u), B}∗. (32)
Now we get H˜∗µ(τ) ≡ Hµ(τ) =
∫
d3σHµ(τ, ~σ), H˜∗µν(τ) ≡ H˜µν(τ) =
bµr˘(τ)
∫
d3σσr˘H∗ν(τ, ~σ)− bνr˘(τ)
∫
d3σσr˘H∗µ(τ, ~σ),
Sµνψ ≡
1
4
∫
d3σbρτ ψ¯(τ, ~σ)[γ
ρ, σµν ]+ψ(τ, ~σ), (33)
and
{ψα(τ, ~σ), ψ¯β(τ, ~σ′)}∗D = −i(γµbµτ )αβδ3(~σ − ~σ′), (34)
while the Dirac brackets of the variables xµs , p
µ
s , b
µ
A˘
, AA˘, π
A˘ are left unaltered by the new
brackets. Now only the total spin
Sµν = Sµνs + S
µν
ψ , (35)
satisfies a Lorentz algebra, since we have
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{Sµν , Sαβ}∗D = Cµναβγδ Sγδ,
{Sµν , ψα(τ, ~σ)}∗D =
i
2
(σµνψ(τ, ~σ))α,
{Sµν , ψ¯α(τ, ~σ)}∗D = −
i
2
(ψ¯(τ, ~σ)σµν)α,
{Lµνs , Lαβs }∗D = {Lµνs , Lαβs }∗ = Cµναβγδ Lγδs ,
{Lµνs , Sαβ}∗D = {Lµνs , Sαβ}∗ = 0,
{Jµν , Jαβ}∗D = {Jµν , Jαβ}∗ = Cµναβγδ Jγδ. (36)
The Dirac Hamiltonian becomes
HD = λ˜
µ(τ)H˜µ(τ)− 1
2
λ˜µν(τ)H˜µν(τ) +
+
∫
d3σ
[
− Aτ (τ, ~σ)Γ(τ, ~σ) + µτ (τ, ~σ)πτ (τ, ~σ)
]
, (37)
and contains all the first class constraints
Γ(τ, ~σ) = ∂r˘π
r˘(τ, ~σ) + eψ¯(τ, ~σ)γµbµτψ(τ, ~σ) ≈ 0,
πτ (τ, ~σ) ≈ 0,
H˜µ(τ) =
∫
d3σHµ(τ, ~σ) = psµ − bµτ
∫
d3σ
[ i
2
bνr˘(τ)
(
ψ¯(τ, ~σ)γν∂r˘ψ(τ, ~σ) +
− ∂r˘ψ¯(τ, ~σ)γνψ(τ, ~σ)
)
+mψ¯(τ, ~σ)ψ(τ, ~σ) +
~π2(τ, ~σ) + ~B2(τ, ~σ)
2
+
+ ebνr˘(τ)Ar˘(τ, ~σ)ψ¯(τ, ~σ)γ
νψ(τ, ~σ)
]
+
+ bµr˘(τ)
∫
d3σ
[ i
2
bντ (τ)
(
ψ¯(τ, ~σ)γν∂r˘ψ(τ, ~σ) +
− ∂r˘ψ¯(τ, ~σ)γνψ(τ, ~σ)
)
+
(
~π(τ, ~σ) ∧ ~B(τ, ~σ)
)
r˘
+
+ eAr˘(τ, ~σ)ψ¯(τ, ~σ)γ
νbντψ(τ, ~σ)
]
≈ 0,
H˜µν(τ) =
∫
d3σbµr˘ (τ)σ
r˘Hν(τ, ~σ)−
∫
d3σbνr˘ (τ)σ
r˘Hµ(τ, ~σ) =
= Sµν(τ)− Sµνψ (τ) +
−
(
bµr˘ (τ)b
ν
τ − bνr˘ (τ)bµτ
) ∫
d3σσr˘
[ i
2
bνs˘(τ)
(
ψ¯(τ, ~σ)γν∂s˘ψ(τ, ~σ) +
− ∂s˘ψ¯(τ, ~σ)γνψ(τ, ~σ)
)
+mψ¯(τ, ~σ)ψ(τ, ~σ) +
~π2(τ, ~σ) + ~B2(τ, ~σ)
2
+
+ ebνs˘(τ)As˘(τ, ~σ)ψ¯(τ, ~σ)γ
νψ(τ, ~σ)
]
+
+
(
bµr˘ (τ)b
ν
s˘ (τ)− bνr˘(τ)bµs˘ (τ)
) ∫
d3σσr˘
[ i
2
bρτ
(
ψ¯(τ, ~σ)γρ∂s˘ψ(τ, ~σ) +
− ∂s˘ψ¯(τ, ~σ)γρψ(τ, ~σ)
)
+
(
~π(τ, ~σ) ∧ ~B(τ, ~σ)
)
s˘
+
+ eAs˘(τ, ~σ)ψ¯(τ, ~σ)γ
ρbρτψ(τ, ~σ)
]
≈ 0, (38)
with [see Eq.(37)]
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{H∗µ(τ, ~σ),H∗ν(τ, ~σ′)} = {H∗µ(τ, ~σ),H∗ν(τ, ~σ′)}∗ ≈ {Hµ(τ, ~σ),Hν(τ, ~σ′)}∗D ≈ 0. (39)
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IV. THE REST-FRAME DESCRPTION ON WIGNER’S HYPERPLANES.
The next step [8] is to select all the configurations of the isolated system which are
timelike, namely with p2s > 0. For them we can boost at rest with the standard Wigner
boost Lµ.ν(
o
ps, ps) for timelike Poincare´ orbits all the variables of the noncanonical basis x
µ
s (τ),
pµs , b
µ
A˘
(τ) , Sµνs (τ) , AA˘(τ, ~σ) , π
A˘(τ, ~σ), ψ(τ, ~σ), ψ¯(τ, ~σ) with Lorentz indices (except pµs ).
Let us now introduce the new variables [see Ref. [8] and Appendix C; they are obtained
with a canonical transformation e{.,F(ps)}, whose generator is given in Eq.(C3)]
bA
B˘
(τ) = ǫAµ (u(ps))b
µ
B˘
(τ) = LA.µ(
o
ps, ps)b
µ
B˘
(τ),
x˜µs (τ) = x
µ
s (τ)−
1
2
ǫAν (u(ps))ηAB
∂ǫBρ (u(ps))
∂psµ
Sνρ =
= xµs (τ)−
1
ηs
√
p2s(p
0
s + ηs
√
p2s)
[
psνS
νµ + ηs
√
p2s
(
S0µ − S0ν psνp
µ
s
p2s
)]
=
= xµs (τ)−
1
ηs
√
p2s
[
ηµA
(
S¯ o¯A − S¯
Arprs
(p0s + ηs
√
p2s)
)
+
+
pµs + 2ηs
√
p2sη
µ0
ηs
√
p2s(p
0
s + ηs
√
p2s)
S¯ o¯rs p
r
s
]
,
pµs = p
µ
s , AA˘(τ, ~σ) = AA˘(τ, ~σ), π
A˘(τ, ~σ) = πA˘(τ, ~σ),
S˜µν = Sµν +
1
2
ǫAρ (u(ps))ηAB
(∂ǫBσ (u(ps))
∂psµ
pνs −
∂ǫBσ (u(ps))
∂psν
pµs
)
Sρσ =
= Sµν +
1
ηs
√
p2s(p
0
s + ηs
√
p2s)
[
psβ(S
βµpνs − Sβνpµs ) + ηs
√
p2s(S
0µpνs − S0νpµs )
]
,
o
ψ (τ, ~σ) = S(L(
o
ps, ps))ψ(τ, ~σ),
o
ψ¯ (τ, ~σ) = ψ¯(τ, ~σ)S−1(L(
o
ps, ps)), (40)
where ηs = sign p
0
s and
S¯AB = ǫAµ (u(ps))ǫ
A
ν (u(ps))S
µν , (41)
the “rest-frame spin tensor” (or “Thomas spin tensor”) [ the S¯AB’s satisfy a Lorentz algebra].
Now the Lorentz generators are
Jµν = L˜µν + S˜µν = x˜µsp
ν
s − x˜νspµs + S˜µν . (42)
The new variables have the following Dirac brackets [see Appendix C]
{x˜µs , pνs}∗D = −ηµν ,
{x˜µs ,
o
ψ (τ, ~σ)}∗D = {x˜µs ,
o
ψ¯ (τ, ~σ)}∗D = {x˜µs , x˜νs}∗D = {x˜µs , bAB˘}∗D = 0,
{S˜0i, br
A˘
}∗D =
δis(prsb
s
A˘
− pssbrA˘)
(p0s + ηs
√
p2s)
,
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{S˜ij, br
A˘
}∗D = (δirδjs − δisδjr)bsA˘,
{S˜µν , S˜αβ}∗D = Cµναβγδ S˜γδ,
{x˜µs , S˜0i}∗D = −
1
(p0s + ηs
√
p2s)
[
ηµjS˜ji +
(pµs + η
µ0ηs
√
p2s)S˜
ikpk
ηs
√
p2s(p
0
s + ηs
√
p2s)
]
,
{x˜µs , S˜ij}∗D = 0,
{
o
ψα (τ, ~σ),
o
ψ¯β (τ, ~σ
′)}∗D = −ibAτ (τ)ηAσ(γσ)αβδ3(~σ − ~σ′),
{S˜µν ,
o
ψ (τ, ~σ)}∗D =
i
2
[
Lµ.α(ps,
o
ps)L
ν
.β(ps,
o
ps)− 1
2
ǫAρ (u(ps))ηAB
(∂ǫBσ (u(ps))
∂psµ
pνs +
− ∂ǫ
B
σ (u(ps))
∂psν
pµs
)
Lρ.α(ps,
o
ps)L
σ
.β(ps,
o
ps)
]
σαβ
o
ψ (τ, ~σ),
{S˜µν ,
o
ψ¯ (τ, ~σ)}∗D = −
i
2
o
ψ¯ (τ, ~σ)
[
Lµ.α(ps,
o
ps)L
ν
.β(ps,
o
ps)− 1
2
ǫAρ (u(ps))ηAB ·
·
(∂ǫBσ (u(ps))
∂psµ
pνs −
∂ǫBσ (u(ps))
∂psν
pµs
)
Lρ.α(ps,
o
ps)L
σ
.β(ps,
o
ps)
]
σαβ. (43)
Moreover, we have
{S¯AB, S¯CD}∗D = CABCDEF S¯EF , (44)
{S¯AB,
o
ψ (τ, ~σ)}∗D =
i
2
δAα δ
B
β σ
αβ
o
ψ (τ, ~σ),
{S¯AB,
o
ψ¯ (τ, ~σ)}∗D = −
i
2
o
ψ¯ (τ, ~σ)δAα δ
B
β σ
αβ. (45)
The new canonical origin x˜µs (τ) is not covariant, since under a Poincare´ transformation
(a,Λ) it transforms as [8]
x˜µs
(a,Λ)−→ x˜′µs = Λµ.ν
[
x˜νs +
1
2
S¯rsR
r
.k(Λ, ps)
∂
∂psν
Rs.k(Λ, p)
]
+ aµ. (46)
As shown in Ref. [8], we can restrict ourselves to the Wigner hyperplane ΣτW with
lµ = uµ(ps) [i.e. orthogonal to p
µ
s ] with the gauge fixings
T µ
A˘
(τ) = bµ
A˘
(τ)− ǫµ
A=A˘
(u(ps)) ≈ 0
⇒ bA
A˘
(τ) = ǫAµ (u(ps))b
µ
A˘
(τ) ≈ ηA
A˘
. (47)
whose time constancy implies λ˜µν(τ) ≈ 0. After having introduced the Dirac brackets
{A,B}∗∗D = {A,B}∗D −
1
4
[
{A, H˜γδ}∗D
(
ηγσǫ
D
δ (u(ps))− ηδσǫDγ (u(ps))
)
{T σD, B}∗D +
+ {A, T σB}∗D
(
ησνǫ
B
µ (u(ps))− ησµǫBν (u(ps))
)
{H˜µν , B}∗D
]
, (48)
we get bµ
Aˇ
(τ) ≡ LµA(ps,
o
ps) and H˜
µν(τ) ≡ 0, namely the determination of Sµνs = Sµν − Sµνψ
in terms of the variables of the system. The remaining variables form a canonical basis
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{x˜µs (τ), pνs}∗∗D = −ηµν ,
{AA(τ, ~σ), πB(τ, ~σ′)}∗∗D = ηBAδ3(~σ − ~σ
′
),
{ oψα (τ, ~σ),
o
ψ¯β (τ, ~σ
′)}∗∗D = −i(γ o¯)αβδ3(~σ − ~σ′). (49)
As shown in Ref. [8], the dependence of the gauge-fixing (59) on pµs implies that the
Lorentz-scalar indices Aˇ become Wigner indices A: i) AA=τ (τ, ~σ) is a Lorentz-scalar field;
ii) AA=r(τ, ~σ), are Wigner spin 1 3-vectors which transform with Wigner rotations under
the action of Minkowski Lorentz boosts. In particular, γ o¯ = γτ is a Lorentz scalar matrix,
while γr form a Wigner spin 1 3-vector. Therefore, we have a Wigner-covariant realization
of Dirac matrices
γA =
(
γ o¯; {γr}, r = 1, 2, 3
)
,
[γA, γB]+ = 2η
AB, (50)
like in the Chakrabarti representation [16] (see also Ref. [15]). Under a Lorentz transfor-
mation Λ, the bilinears in the Dirac field transform with the associated Wigner rotation
R(Λ, ps). For instance we have
o
ψ¯ (τ, ~σ)γA
o
ψ (τ, ~σ)
Λ−→ RA.B(Λ, ps)
o
ψ¯ (τ, ~σ)γB
o
ψ (τ, ~σ),
o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ)
Λ−→
o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ) (scalar),
o
ψ¯ (τ, ~σ)γr
o
ψ (τ, ~σ)
Λ−→ Rr.s(Λ, ps)
o
ψ¯ (τ, ~σ)γs
o
ψ (τ, ~σ) (Wigner 3− vector), (51)
and the induced spinorial transformation on Dirac fields will be [S(Λ) 7→ ◦S(R(Λ, ps)), which
could be evaluated by using the last of the next formulas]
o
ψ (τ, ~σ)
Λ−→
o
ψ′ (τ, ~σ) =
◦
S(R(Λ, ps))
o
ψ (τ, ~σ),
o
ψ¯ (τ, ~σ)
Λ−→
o
ψ¯′ (τ, ~σ) =
o
ψ¯ (τ, ~σ)
◦
S
−1
(R(Λ, ps)),
◦
S
−1
(R(Λ, ps)) γ
A
◦
S(R(Λ, ps)) = R
A
.B(Λ, ps)γ
B. (52)
The original variables zµ(τ, ~σ), ρµ(τ, ~σ), are reduced only to x˜
µ
s (τ), p
µ
s , on the Wigner
hyperplane ΣτW . On it there remain only six first class constraints
πτ (τ, ~σ) ≈ 0,
Γ(τ, ~σ) = ∂rπ
r(τ, ~σ) + e
o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ) ≈ 0,
H˜µ(τ) = pµs − [uµ(ps)Hrel(τ) + ǫµr (u(ps))Hpr(τ)] =
= uµ(ps)H(τ) + ǫ
µ
r (u(ps))Hpr(τ) ≈ 0,
or
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H(τ) = ηs
√
p2s −Hrel(τ) =
= ηs
√
p2s −
∫
d3σ
[ i
2
( o
ψ¯ (τ, ~σ)γr∂r
o
ψ (τ, ~σ) +
− ∂r
o
ψ¯ (τ, ~σ)γr
o
ψ (τ, ~σ)
)
+m
o
ψ¯ (τ, ~σ)
o
ψ (τ, ~σ) +
+
1
2
(
~π2 + ~B2
)
(τ, ~σ) + eAr(τ, ~σ)
o
ψ¯ (τ, ~σ)γr
o
ψ (τ, ~σ)
]
≈ 0,
Hpr(τ) =
∫
d3σ
[ i
2
( o
ψ¯ (τ, ~σ)γ o¯∂r
o
ψ (τ, ~σ)− ∂r
o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ)
)
+
+
(
~π ∧ ~B
)
r
(τ, ~σ) + eAr(τ, ~σ)
o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ)
]
≈ 0,
{H˜µ(τ), H˜ν(τ)}∗∗D =
∫
d3σ
[(
uµ(ps)ǫ
ν
r(u(ps))− uν(ps)ǫµr (u(ps))
)
πr(τ, ~σ) +
− ǫµr (u(ps))Frs(τ, ~σ)ǫνs (u(ps))
]
Γ(τ, ~σ) ≈ 0,
{Γ(τ, ~σ), H˜µ(τ)}∗∗D = {Γ(τ, ~σ),Γ(τ, ~σ′)}∗∗D = {Γ(τ, ~σ), πτ (τ, ~σ′)}∗∗D =
= {πτ(τ, ~σ), H˜µ(τ)}∗∗D = {πτ (τ, ~σ), πτ(τ, ~σ′)} = 0. (53)
The constraints ~Hp(τ) ≈ 0 identify the Wigner hyperplane ΣτW with the intrinsic rest
frame (vanishing of the total Wigner spin 1 3-momentum of the isolated system) and say
that the 3-coordinate ~σ = ~xcom [x
µ
com = z
µ(τ, ~xcom)] of the center of mass of the isolated
system on ΣτW is a gauge variable, whose natural gauge-fixing is ~xcom ≈ 0 [so that it
coincides with the origin of ΣτW : x
µ
s (τ) = z
µ(τ, ~σ = 0)]. See Ref. [17] for the definition of
xµcom for the configurations of the Klein-Gordon field. The remaining constraint H(τ) ≈ 0
identifies ǫs = ηs
√
p2s with the invariant mass Hrel of the isolated system.
On ΣτW the Dirac Hamiltonian becomes
HD = λ(τ)H(τ)− ~λ(τ) ~Hp(τ) +
∫
d3σ
[
µτ (τ, ~σ)π
τ (τ, ~σ)− Aτ (τ, ~σ)Γ(τ, ~σ)
]
, (54)
so that x˜µs has a velocity parallel to p
µ
s [ ˙˜x
µ
s (τ) = {x˜µs , HD}∗∗D = −λ(τ)uµ(ps)], namely it has
no classical zitterbewegung.
Since H˜µν(τ) ≡ 0 implies
Sµν = Sµνψ +
(
ǫµr (u(ps))u
ν(ps) +
− ǫνr (u(ps))uµ(ps)
) ∫
d3σσr
[ i
2
( o
ψ¯ (τ, ~σ)γs∂s
o
ψ (τ, ~σ) +
− ∂s
o
ψ¯ (τ, ~σ)γs
o
ψ (τ, ~σ)
)
+m
o
ψ¯ (τ, ~σ)
o
ψ (τ, ~σ) +
+
1
2
(
~π2 + ~B2
)
(τ, ~σ) + eAs(τ, ~σ)
o
ψ¯ (τ, ~σ)γs
o
ψ (τ, ~σ)
]
+
−
(
ǫµr (u(ps))ǫ
ν
s(ps)− ǫνr(u(ps))ǫµs (ps)
) ∫
d3σσr
[ i
2
( o
ψ¯ (τ, ~σ)γ o¯∂s
o
ψ (τ, ~σ) +
− ∂s
o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ)
)
+
(
~π ∧ ~B
)
s
(τ, ~σ) + eAs(τ, ~σ)
o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ)
]
, (55)
with
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Sµνψ =
1
4
Lµ.α(ps,
o
ps)L
ν
.β(ps,
o
ps)
∫
d3σ
o
ψ¯ (τ, ~σ)[γ o¯, σαβ]+
o
ψ (τ, ~σ), (56)
we get the following expression for the rest-frame spin tensor
S¯AB = S¯ABψ +
[
δAr δ
B
o¯ − δBr δAo¯
] ∫
d3σσr
[ i
2
( o
ψ¯ (τ, ~σ)γs∂s
o
ψ (τ, ~σ) +
− ∂s
o
ψ¯ (τ, ~σ)γs
o
ψ (τ, ~σ)
)
+m
o
ψ¯ (τ, ~σ)
o
ψ (τ, ~σ) +
+
1
2
(
~π2 + ~B2
)
(τ, ~σ) + eAs(τ, ~σ)
o
ψ¯ (τ, ~σ)γs
o
ψ (τ, ~σ)
]
+
−
[
δAr δ
B
s − δBr δAs
] ∫
d3σσr
[ i
2
( o
ψ¯ (τ, ~σ)γ o¯∂s
o
ψ (τ, ~σ) +
− ∂s
o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ)
)
+
(
~π ∧ ~B
)
s
(τ, ~σ) + eAs(τ, ~σ)
o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ)
]
, (57)
where
S¯ABψ =
1
4
∫
d3σ
o
ψ¯ (τ, ~σ)[γ o¯, σAB]+
o
ψ (τ, ~σ) (58)
is the component connected with the Dirac field.
On ΣτW the Poincare´ generators are
pµs , J
µν = xˆµsp
ν
s − xˆνspµs + S˜µν ,
S˜µν ≡ S˜µνs + S˜µνξ ,
S˜0i = − δ
irS¯rspss
p0s + ηs
√
p2s
, S˜ij = δirδjsS¯rs, (59)
because one can express S˜µν in terms of S¯AB = ǫAµ (u(ps))ǫ(u(ps))S
µν . Only the Thomas
spin S¯r =
1
2
ǫrstS¯st contributes to them. This is the universal realization of the Poincare´
generators associated with the rest-frame Wigner-covariant instant form of the dynamics.
The electric charge takes the form
Q = −e
∫
d3σ
o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ), (60)
and is the weak Noether charge of the conserved 4-current jA(τ, ~σ) = −e
o
ψ¯ (τ, ~σ)γA
o
ψ (τ, ~σ),
∂Aj
A(τ, ~σ)
◦
=0.
Therefore, the rest-frame Wigner-covariant instant form of the system Dirac plus elec-
tromagnetic fields (pseudoclassical electrodynamics) formally coincides with the standard
noncovariant Hamiltonian formulation of the system on the hyperplanes zo(τ, ~σ) = const. :
only the covariance properties of the objects are different and, moreover, there are the first
class constraints ~Hp(τ) ≈ 0 defining the rest frame.
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V. DIRAC’S OBSERVABLES AND EQUATIONS OF MOTION.
As shown in Ref. [1], the Dirac observables of the electromagnetic field are the transverse
quantities ~A(τ, ~σ), ~π(τ, ~σ), defined by the decomposition
~A(τ, ~σ) = ~∂η(τ, ~σ) + ~A⊥(τ, ~σ),
~π(τ, ~σ) = ~π⊥(τ, ~σ) +
~∂
△σ
[
Γ(τ, ~σ)−
N∑
i=1
Qi(τ)δ
3(~σ − ~ηi(τ))
]
,
η(τ, ~σ) = −
~∂
△σ ·
~A(τ, ~σ), (61)
while the gauge variables are Aτ (τ, ~σ) and η(τ, ~σ), which are conjugate to the first class
constraints πτ (τ, ~σ) ≈ 0, Γ(τ, ~σ) ≈ 0.
Since we have
{
◦
ψ(τ, ~σ),Γ(τ, ~σ
′
)}∗∗D = −ieγτ ψ(τ, ~σ)δ3(~σ − ~σ
′
), (62)
we see that the Dirac field is not gauge invariant. Like in Ref. [1], it turns out that its Dirac
observables are
oˇ
ψ(τ, ~σ) = e−ieη(τ,~σ)
o
ψ (τ, ~σ),
oˇ
ψ¯(τ, ~σ) =
o
ψ¯ (τ, ~σ)eieη(τ,~σ),
{
oˇ
ψ
a
(τ, ~σ),
oˇ
ψ¯b(τ, ~σ
′)}∗∗D = −i(γ o¯)a.bδ3(~σ − ~σ′), (63)
representing Dirac fields dressed with a Coulomb cloud.
By using Eqs.(61) we get∫
d3σ~π2(τ, ~σ) =
∫
d3σ~π2⊥(τ, ~σ) +
+ e2
∫ ∫
d3σd3σ′
[ o
ψ¯ (τ, ~σ)γ o¯
o
ψ (τ, ~σ)
][ o
ψ¯ (τ, ~σ′)γ o¯
o
ψ (τ, ~σ′)
]
4π | ~σ − ~σ′ | =
=
∫
d3σ~π2⊥(τ, ~σ) +
+ e2
∫ ∫
d3σd3σ′
[ oˇ
ψ¯(τ, ~σ)γ o¯
oˇ
ψ(τ, ~σ)
][ oˇ
ψ¯(τ, ~σ′)γ o¯
oˇ
ψ(τ, ~σ′)
]
4π | ~σ − ~σ′ | , (64)
so that in the Coulomb gauge, Aτ (τ, ~σ) = π
τ (τ, ~σ) = η(τ, ~σ) = Γ(τ, ~σ) = 0, we have
[ǫs = ηs
√
p2s]
H(τ) = ǫs −Hrel(τ) =
= ηs
√
p2s −
∫
d3σ
[ i
2
( oˇ
ψ¯(τ, ~σ)γr∂r
oˇ
ψ(τ, ~σ) +
− ∂r
oˇ
ψ¯(τ, ~σ)γr
oˇ
ψ(τ, ~σ)
)
+m
oˇ
ψ¯(τ, ~σ)
oˇ
ψ(τ, ~σ) +
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+
1
2
(
~π2⊥ + ~B
2
)
(τ, ~σ) + eA⊥r(τ, ~σ)
oˇ
ψ¯(τ, ~σ)γr
oˇ
ψ(τ, ~σ) +
+
e2
2
oˇ
ψ¯(τ, ~σ)γ o¯
oˇ
ψ(τ, ~σ)
∫
d3σ′
oˇ
ψ¯(τ, ~σ′)γ o¯
oˇ
ψ(τ, ~σ′)
4π | ~σ − ~σ′ |
]
≈ 0. (65)
Like in Ref. [1], the last term is the nonrenormalizable Coulomb self interaction of the
Dirac field in the rest frame. The constraints identifying the rest frame take the form
expected in an instant form of dynamics [they do not depend on the interaction]
Hpr(τ) =
∫
d3σ
[1
2
( oˇ
ψ¯(τ, ~σ)γ o¯∂r
oˇ
ψ(τ, ~σ)− ∂r
oˇ
ψ¯(τ, ~σ)γ o¯
oˇ
ψ(τ, ~σ)
)
+
(
~π⊥ ∧ ~B
)
r
(τ, ~σ) ≈ 0. (66)
By doing the canonical transformation [23] from the variables x˜µs (τ) e p
µ
s , to the new
ones
Ts =
psµx˜
µ
s
ηs
√
p2s
=
psµx
µ
s
ηs
√
p2s
, ǫs = ηs
√
p2s,
~zs = ηs
√
p2s
(
~˜xs − ~ps
p0
x˜0
)
, ~ks =
~ps
ηs
√
p2s
,
{Ts, ǫs}∗∗D = −1, {zis, kjs}∗∗D = δij , (67)
we arrive at a canonical basis with the rest-frame Lorentz-scalar time Ts and with the
canonical noncovariant 3-variable ~zs [replacing the origin of ΣτW ] with the same covariance
of the Newton-Wigner position operator.
By adding the gauge-fixing Ts − τ ≈ 0 [which identifies the rest-frame time Ts with the
parameter τ of the foliation of Minkowski spacetime with the Wigner hyperplanes associated
with the isolated system], whose time constancy implies λ(τ) = −1, we get the Dirac
Hamiltonian
HˆD = Hrel(τ)− ~λ(τ) · ~Hp(τ), (68)
where
Hrel =
∫
d3σ
[ i
2
( oˇ
ψ¯(τ, ~σ)γr∂r
oˇ
ψ(τ, ~σ)− ∂r
oˇ
ψ¯(τ, ~σ)γr
oˇ
ψ(τ, ~σ)
)
+
+ m
oˇ
ψ¯(τ, ~σ)
oˇ
ψ(τ, ~σ) +
1
2
(~π2⊥ + ~B
2)(τ, ~σ)
]
+
+
e2
2
∫ ∫
d3σd3σ′
[
oˇ
ψ¯(τ, ~σ)γ o¯
oˇ
ψ(τ, ~σ)][
oˇ
ψ¯(τ, ~σ′)γ o¯
oˇ
ψ(τ, ~σ′)]
4π | ~σ − ~σ′ | +
+ e
∫
d3σAr⊥(τ, ~σ)
oˇ
ψ¯(τ, ~σ)γr
oˇ
ψ(τ, ~σ). (69)
In the gauge ~λ(τ) = 0, the Dirac field has the following Hamilton equation
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∂τ
oˇ
ψ(τ, ~σ)
◦
= { oˇψ(τ, ~σ), HˆD}∗∗D =
= γ o¯γr
[
∂r − ieA⊥r(τ, ~σ)
] oˇ
ψ(τ, ~σ)− imγ o¯
oˇ
ψ(τ, ~σ) +
− ie2
∫
d3σ′
oˇ
ψ¯(τ, ~σ′)γ o¯
oˇ
ψ(τ, ~σ′)
4π | ~σ − ~σ′ |
oˇ
ψ(τ, ~σ), (70)
which can be rewritten in the standard form
{iγA[∂A − ieA˜A(τ, ~σ)]−m}
oˇ
ψ(τ, ~σ)
◦
=0, (71)
with
A˜r(τ, ~σ) ≡ A⊥r(τ, ~σ),
A˜o¯(τ, ~σ) ≡ −e
∫
d3σ′
oˇ
ψ¯(τ, ~σ′)γ o¯
oˇ
ψ(τ, ~σ′)
4π | ~σ − ~σ′ | = A˜
†
o¯(τ, ~σ). (72)
Analogously we get
oˇ
ψ¯(τ, ~σ){−i[
←
∂A +ieA˜A(τ, ~σ)]γ
A −m} ◦=0. (73)
Eqs.(71) and (72) are nonlocal and nonlinear due to the reduction to the rest-frame
Coulomb gauge.
For the transverse electromagnetic fields ~A⊥(τ, ~σ), ~π⊥(τ, ~σ) we get the Hamilton equations
∂τA
r
⊥(τ, ~σ)
◦
= {Ar⊥(τ, ~σ), HˆD}∗∗D = −πr⊥(τ, ~σ),
∂τπ
r
⊥(τ, ~σ)
◦
= {πr⊥(τ, ~σ), HˆD}∗∗D = △σAr⊥(τ, ~σ) +
+ eP rs(~σ)
[ oˇ
ψ¯(τ, ~σ)γs
oˇ
ψ(τ, ~σ)
]
, (74)
implying the equation
✷σA
r
⊥(τ, ~σ)
◦
=P rs(~σ)js(τ, ~σ) ≡ jr⊥(τ, ~σ), (75)
with
✷σ ≡ ∂A∂A,
P rs(~σ) ≡ δrs + ∂
r∂s
△σ ,
js(τ, ~σ) = −e
oˇ
ψ¯(τ, ~σ)γs
oˇ
ψ(τ, ~σ). (76)
The wave equation is actually an integrodifferential equation due to the projector apear-
ing in the transverse fermionic Wigner spin 1 3-current.
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VI. CONCLUSIONS
In this paper we have given the formulation of Grassmann-valued Dirac fields plus the
electromagnetic field on spacelike hypersurfaces in Minkowski spacetime. Then, we have
done the canonical reduction of this pseudoclassical basis of QED to the rest-frame Wigner-
covariant Coulomb gauge, finding a canonical basis of Dirac’s observables in the rest-frame
Wigner-covariant instant form of dynamics. What has still to be done is the extension of
the theory to include tetrad gravity.
These results are valid for massive Dirac fields and for all the massive [P 2 > 0] configu-
rations of massless Dirac fields. They also hold for the massive configurations of chiral fields
simply by replacing everywhere ψ with ψ± = 12(1 ± γ5)ψ. Instead, the massless [P 2 = 0]
and infrared [P µ = 0] configurations of either massless or chiral fermion fields have to be
treated separately, because they require the reformulation of the front form of dynamics in
the instant form like for massless spinning particles (this problem will be studied in a future
paper).
Therefore, these results open the path to the reformulation and the canonical reduction
to a rest-frame Wigner-covariant Coulomb gauge of the SU(3)xSU(2)xU(1) standard model,
which will be studied elsewhere.
However, the rest-frame Wigner-covariant instant form evidentiates that there is a
nontrivial problem in the description of fermion fields: Eq.(53) shows that the geometri-
cal Minkowski 4-vector pµs normal to the Wigner hyperplane ΣτW is the sum of an even
“bosonic” part determined by the electromagnetic field plus a “fermionic” part bilinear in
the Grassmann-valued Dirac fields. In absence of the electromagnetic field, pµs would weakly
become a bilinear in Grassmann variables, but this is inconsistent from both a geometrical
point of view and from an algebraic one [one can neither define
√
p2s, nor divide by it to get
the standard Wigner boost due to the nilpotent character of Grassmann variables]. It seems
that the Wigner hyperplanes and the rest-frame description of an isolated pseudoclassical
Dirac field is impossible due to the necessity of having it Grassmann-valued as it is required
to evaluate the fermionic path integral.
But this does not sound reasonable. Something is missing. In Ref. [15], we have seen that
a spinning particle with a definite sign of the energy (but this holds also for the ordinary
spinning particles) is described by a fibration: there is a scalar particle (the tracer of the
Minkowski worldline, i.e. the path of the electric current if the spinning particle is charged)
with a Grassmann fiber over it describing the spin structure and this is particularly evident in
its supersymmetric description with the superfield Xµ = xµ+θξµ [18] [ξµ are the Grassmann
variables for the spin description, which go into the Dirac matrices after quantization]. As
said in Ref. [15], one expects that this fibered structure should survive in first quantization:
the electron wave function is expected to be some kind of scalar superfield φD+θψD, where φD
is a charged Klein-Gordon wave function (restricted to its lower level, with the same degrees
of freedom of a scalar particle, to avoid the introduction of spurious levels in bound state
spectra) and ψD is the ordinary Dirac wave function [ψD should live in a Clifford fiber over
φD]. This superfield does not describe a supersymmetric multiplet {selectron, electron},
but the fibration associated with the spin structure [see Ref. [21] for the description of the
pseudoclassical photon as a ray of light with a Grassmann fibration describing the spin
structure, namely the light polarization]. The obstacle to arrive at this point of view is that
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the first class constraint p2−m2 ≈ 0 has always been quantized in a form which corresponds
to the square of the Dirac equation so that it acts on Dirac wave functions. But at the
classical level it describes the bosonic scalar particle tracing the worldline so that it has to
be quantized so to act on Klein-Gordon wave functions. The double role of this constraint
is to give a consistency between what happens on the base (Minkowski spacetime) and what
happens on the fiber.
Therefore, one expects that also Dirac fields should be replaced by a fibration ϕ + θψ
describing the spin structure with a pair (ϕ, ψ), where ψ is the Grassmann-valued Dirac
field and ϕ a charged Klein-Gordon field suitably restricted.
We shall study this problem elsewhere. A guide to its solution will be to find the way
to extract the rest-frame constraints of the spinning particle of Ref. [15] from the fermion
field theory, in the same way in which the analogous constraints for a scalar particle were
extracted by the rest-frame description of scalar electrodynamics in Ref. [9] by using the
Feshbach-Villars transformation [19]; now both Feshbach-Villars and Foldy-Wouthuysen [20]
transformations will be needed. The other ingredient will be the individuation of the sub-
space of Klein-Gordon configurations with the same degrees of freedom of a scalar particle
[monopole configurations], by using the technology developed to study the canonical separa-
tion of the center-of-mass degrees of freedom from the relative ones for Klein-Gordon fields
[17].
Let us remark that the same problems are present in the nonrelativistic description of
fermion fileds [Grassmann-valued Dirac spinors are replaced by Grassmann-valued Pauli
spinors], needed for the theory of Cooper pairs in superconductivity.
The problem of quantization of isolated systems in these rest-frame Wigner-covariant
Coulomb gauges is an open problem [see Refs. [26,27] for what is known on the quantization
in the Coulomb gauge], which will be the subject of future investigations trying to use the
Møller radius ρ =
√−W 2/P 2 = |~¯S2|/√P 2 as a physical ultraviolet cutoff [7].
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APPENDIX A: FOLIATIONS OF MINKOWSKI SPACETIME WITH FAMILIES
OF SPACELIKE HYPERSURFACES
Let us review some preliminary results from Refs. [8,9] needed in the description of
physical systems on spacelike hypersurfaces.
Let {Στ} be a one-parameter family of spacelike hypersurfaces foliating Minkowski space-
time M4 and giving a 3+1 decomposition of it. At fixed τ , let zµ(τ, ~σ) be the coordinates
of the points on Στ in M
4, {~σ} a system of coordinates on Στ . If σAˇ = (στ = τ ;~σ = {σrˇ})
[the notation Aˇ = (τ, rˇ) with rˇ = 1, 2, 3 will be used; note that Aˇ = τ and Aˇ = rˇ = 1, 2, 3
are Lorentz-scalar indices] and ∂Aˇ = ∂/∂σ
Aˇ, one can define the vierbeins
zµ
Aˇ
(τ, ~σ) = ∂Aˇz
µ(τ, ~σ), ∂Bˇz
µ
Aˇ
− ∂AˇzµBˇ = 0, (A1)
so that the metric on Στ is
gAˇBˇ(τ, ~σ) = z
µ
Aˇ
(τ, ~σ)ηµνz
ν
Bˇ(τ, ~σ), gττ (τ, ~σ) > 0,
g(τ, ~σ) = −det || gAˇBˇ(τ, ~σ) || = (det || zµAˇ(τ, ~σ) ||)
2
,
γ(τ, ~σ) = −det || grˇsˇ(τ, ~σ) ||. (A2)
If γ rˇsˇ(τ, ~σ) is the inverse of the 3-metric grˇsˇ(τ, ~σ) [γ
rˇuˇ(τ, ~σ)guˇsˇ(τ, ~σ) = δ
rˇ
sˇ ], the inverse
gAˇBˇ(τ, ~σ) of gAˇBˇ(τ, ~σ) [g
AˇCˇ(τ, ~σ)gcˇbˇ(τ, ~σ) = δ
Aˇ
Bˇ
] is given by
gττ(τ, ~σ) =
γ(τ, ~σ)
g(τ, ~σ)
,
gτ rˇ(τ, ~σ) = −[γ
g
gτuˇγ
uˇrˇ](τ, ~σ),
grˇsˇ(τ, ~σ) = γ rˇsˇ(τ, ~σ) + [
γ
g
gτuˇgτ vˇγ
uˇrˇγ vˇsˇ](τ, ~σ), (A3)
so that 1 = gτCˇ(τ, ~σ)gCˇτ (τ, ~σ) is equivalent to
g(τ, ~σ)
γ(τ, ~σ)
= gττ (τ, ~σ)− γ rˇsˇ(τ, ~σ)gτ rˇ(τ, ~σ)gτ sˇ(τ, ~σ). (A4)
We have
zµτ (τ, ~σ) = (
√
g
γ
lµ + gτ rˇγ
rˇsˇzµsˇ )(τ, ~σ), (A5)
and
ηµν = zµ
Aˇ
(τ, ~σ)gAˇBˇ(τ, ~σ)zνBˇ(τ, ~σ) =
= (lµlν + zµrˇ γ
rˇsˇzνsˇ )(τ, ~σ), (A6)
where
lµ(τ, ~σ) = (
1√
γ
ǫµαβγz
α
1ˇ z
β
2ˇ
zγ
3ˇ
)(τ, ~σ),
l2(τ, ~σ) = 1, lµ(τ, ~σ)z
µ
rˇ (τ, ~σ) = 0, (A7)
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is the unit (future pointing) normal to Στ at z
µ(τ, ~σ).
For the volume element in Minkowski spacetime we have
d4z = zµτ (τ, ~σ)dτd
3Σµ = dτ [z
µ
τ (τ, ~σ)lµ(τ, ~σ)]
√
γ(τ, ~σ)d3σ =
=
√
g(τ, ~σ)dτd3σ. (A8)
Let us remark that according to the geometrical approach of Ref. [22],one can use
Eq.(A5) in the form zµτ (τ, ~σ) = N(τ, ~σ)l
µ(τ, ~σ) + N rˇ(τ, ~σ)zµrˇ (τ, ~σ), where N =
√
g/γ =√
gττ − γ rˇsˇgτ rˇgτ sˇ and N rˇ = gτ sˇγ sˇrˇ are the standard lapse and shift functions, so that
gττ = N
2 + grˇsˇN
rˇN sˇ, gτ rˇ = grˇsˇN
sˇ, gττ = N−2, gτ rˇ = −N rˇ/N2, grˇsˇ = γ rˇsˇ + N rˇN sˇ
N2
,
∂
∂z
µ
τ
= lµ
∂
∂N
+ zsˇµγ
sˇrˇ ∂
∂N rˇ
, d4z = N
√
γdτd3σ.
The cotetrads zAˇµ (τ, ~σ) have the expression
zτµ(τ, ~σ) =
1
N(τ, ~σ)
lµ(τ, ~σ),
zrˇµ(τ, ~σ) = −
N rˇ(τ, ~σ)
N(τ, ~σ)
lµ(τ, ~σ) + γ
rˇsˇ(τ, ~σ)zsˇµ(τ, ~σ). (A9)
The rest frame form of a timelike fourvector pµ is
◦
p µ = η
√
p2(1;~0) = ηµoη
√
p2,
◦
p 2 = p2,
where η = sign po. The standard Wigner boost transforming
◦
p µ into pµ is
Lµν(p,
◦
p) = ǫµν (u(p)) =
= ηµν + 2
pµ
◦
pν
p2
− (p
µ +
◦
p
µ
)(pν +
◦
pν)
p· ◦p +p2
=
= ηµν + 2u
µ(p)uν(
◦
p)− (u
µ(p) + uµ(
◦
p))(uν(p) + uν(
◦
p))
1 + uo(p)
,
ν = 0 ǫµo (u(p)) = u
µ(p) = pµ/η
√
p2,
ν = r ǫµr (u(p)) = (−ur(p); δir −
ui(p)ur(p)
1 + uo(p)
). (A10)
The inverse of Lµν(p,
◦
p) is Lµν(
◦
p, p), the standard boost to the rest frame, defined by
Lµν(
◦
p, p) = Lν
µ(p,
◦
p) = Lµν(p,
◦
p)|~p→−~p. (A11)
Therefore, we can define the following vierbeins [the ǫµr (u(p))’s are also called polarization
vectors; the indices r, s will be used for A=1,2,3 and o¯ for A=0]
ǫµA(u(p)) = L
µ
A(p,
◦
p),
ǫAµ (u(p)) = L
A
µ(
◦
p, p) = ηABηµνǫ
ν
B(u(p)),
ǫo¯µ(u(p)) = ηµνǫ
ν
o(u(p)) = uµ(p),
ǫrµ(u(p)) = −δrsηµνǫνr (u(p)) = (δrsus(p); δrj − δrsδjh
uh(p)us(p)
1 + uo(p)
),
ǫAo (u(p)) = uA(p), (A12)
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which satisfy
ǫAµ (u(p))ǫ
ν
A(u(p)) = η
µ
ν ,
ǫAµ (u(p))ǫ
µ
B(u(p)) = η
A
B,
ηµν = ǫµA(u(p))η
ABǫνB(u(p)) = u
µ(p)uν(p)−
3∑
r=1
ǫµr (u(p))ǫ
ν
r(u(p)),
ηAB = ǫ
µ
A(u(p))ηµνǫ
ν
B(u(p)),
pα
∂
∂pα
ǫµA(u(p)) = pα
∂
∂pα
ǫAµ (u(p)) = 0. (A13)
The Wigner rotation corresponding to the Lorentz transformation Λ is
Rµν(Λ, p) = [L(
◦
p, p)Λ−1L(Λp,
◦
p)]
µ
ν =
(
1 0
0 Rij(Λ, p)
)
,
Rij(Λ, p) = (Λ
−1)
i
j − (Λ
−1)iopβ(Λ−1)βj
pρ(Λ−1)ρo + η
√
p2
−
− p
i
po + η
√
p2
[(Λ−1)oj − ((Λ
−1)oo − 1)pβ(Λ−1)βj
pρ(Λ−1)ρo + η
√
p2
]. (A14)
The polarization vectors transform under the Poincare´ transformations (a,Λ) in the
following way
ǫµr (u(Λp)) = (R
−1)rs Λµν ǫνs (u(p)). (A15)
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APPENDIX B: LAGRANGIAN FOR DIRAC FIELDS ON SPACELIKE
HYPERSURFACES.
In tetrad gravity, given a 3+1 splitting of a globally hyperbolic spacetimeM4 with metric
4gµν [µ are world indices, (µ) are flat rectangular Minkowski indices], one writes the following
action for Dirac fields ψ˜(τ, ~σ) = ψ(z(τ, ~σ)) (see Refs. [13,12])
S =
∫
dτd3σN(τ, ~σ)
√
γ(τ, ~σ)
( i
2
ψ˜†γ(o)(γ(µ) 4EAˇ(µ) ~DAˇ −
←
DAˇ
4EAˇ(µ)γ
(µ))ψ˜ −
− mψ˜†γ(o)ψ˜
)
(τ, ~σ) =
∫
dτd3σL(τ, ~σ), (B1)
where
i) 4EAˇ(µ)(τ, ~σ) = b
Aˇ
µ (τ, ~σ)
4Eµ(µ)(τ, ~σ) [b
Aˇ
µ (τ, ~σ) = ∂σ
Aˇ(z)/∂zµ(τ, ~σ)] are cotetrads in coor-
dinates σAˇ = (τ ;~σ) adapted to the spacelike hypersurfaces Στ leaves of a foliation giving a
3+1 splitting of M4 [4EAˇ(µ)
4η(µ)(ν) 4EBˇ(ν) =
4gAˇBˇ (4η(µ)(ν) is the flat Minkowski inverse met-
ric) with 4gAˇBˇ(τ, ~σ) inverse of the metric 4gAˇBˇ = b
µ
Aˇ
bν
Bˇ
4gµν =
4E
(µ)
Aˇ
4η(µ)(ν)
4E
(ν)
Bˇ
, where
4E
(µ)
Aˇ
(τ, ~σ) = bµ
Aˇ
(τ, ~σ) 4E(µ)µ (τ, ~σ) are tetrads,
4E
(µ)
Aˇ
4EAˇ(ν) = δ
(µ)
(ν) ,
4E
(µ)
Aˇ
4EBˇ(µ) = δ
Bˇ
Aˇ
];
ii) γ(µ) are flat Dirac matrices: [γ(µ), γ(ν)]+ = γ
(µ)γ(ν) + γ(ν)γ(µ) = 2 4η(µ)(ν), σ(µ)(ν) =
i
2
[γ(µ), γ(ν)];
iii) ~DAˇ = ∂Aˇ − i4 4ωAˇ(µ)(ν)σ(µ)(ν) is the spinor covariant derivative (∂Aˇ = ∂/∂σAˇ) and
4ωAˇ(µ)(ν) is the 4-spin connection [see Ref. [13] for its expression in terms of cotetrads];
iv) N(τ, ~σ) is the lapse function and γ(τ, ~σ) = det 3grˇsˇ(τ, ~σ) [
3grˇsˇ = −4grˇsˇ].
See Ref. [14] for the 3+1 splitting of the 4-spin connection in terms of the 3-spin con-
nection [function of cotriads 3erˇi on Στ ], and lapse and shift functions. In the Hamiltonian
version of tetrad gravity cotriads, lapse and shift functions are the independent variables. In
this case the tetrads 4E(µ)µ (τ, ~σ) correspond to a Στ -adapted anholonomic basis of coordinates
in the spacetime M4.
When we consider a 3+1 splitting of Minkowski spacetime with a family of spacelike
hypersurfaces Στ the tetrads
4E
(µ)
Aˇ
(τ, ~σ) and cotetrads 4EAˇ(µ)(τ, ~σ) go into the flat tetrads
z
(µ)
Aˇ
(τ, ~σ) = ∂z(µ)(τ, ~σ)/∂σAˇ and cotetrads zAˇ(µ)(τ, ~σ) = ∂σ
Aˇ(z)/∂z(µ)(τ, ~σ) respectively cor-
responding to a holonomic basis for Minkowski spacetime. Since in this paper we consider
only Minkowski spacetime, from now on we shall drop the distinction betwenn flat and world
indices, z(µ)(τ, ~σ) = zµ(τ, ~σ).
Since in the holonomic basis for Minkowski spacetime the 4-spin connection vanishes,
4ωAˇµν(τ, ~σ) = ηµα
4ωα
A¯ν
(τ, ~σ) = −4ωA¯νµ(τ, ~σ) = 0,
4ΓBˇ
AˇCˇ
(τ, ~σ) =
1
2
4gBˇDˇ(τ, ~σ)
[
∂Aˇ
4gCˇDˇ(τ, ~σ) + ∂Cˇ
4gAˇDˇ(τ, ~σ)− ∂Dˇ 4gAˇCˇ(τ, ~σ)
]
= 0,
⇓
4ωα
Aˇν
(τ, ~σ) = zα
Bˇ
(τ, ~σ)
[
∂Aˇz
Bˇ
ν (τ, ~σ) +
4ΓBˇ
AˇCˇ
(τ, ~σ)zCˇν (τ, ~σ)
]
= 0, (B2)
the action for Dirac fields becomes
S =
∫
dτd3σN(τ, ~σ)
√
γ(τ, ~σ)[
i
2
ψ˜†γo(γµzAˇµ ~∂Aˇ −
←
∂ Aˇ z
Aˇ
µ γ
µ)ψ˜ −mψ˜†γoψ˜](τ, ~σ). (B3)
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The normal lµ(τ, ~σ) = [ 1√
γ
ǫµαβγz
α
1ˇ z
β
2ˇ
zγ
3ˇ
](τ, ~σ) to Στ is timelike, so that if
◦
l
µ
= (1;~0),
one has lµ(τ, ~σ) = Lµν(l(τ, ~σ),
◦
l)
◦
l
ν
by using the corresponding Wigner boost. One can then
define new flat (nonholonomic) tetrads
◦
z
µ
Aˇ(τ, ~σ) through z
µ
Aˇ
(τ, ~σ) = Lµν(l(τ, ~σ),
◦
l)
◦
z
ν
Aˇ(τ, ~σ)
and the corresponding cotetrads through zAˇµ (τ, ~σ) =
◦
z
Aˇ
ν (τ, ~σ)L
ν
µ(l(τ, ~σ),
◦
l). One finds
o
zµτ (τ, ~σ) =
(
N(τ, ~σ);N r˘(τ, ~σ) 3eir˘(τ, ~σ)
)
,
o
zr˘
µ
(τ, ~σ) =
(
0;3 eir˘(τ, ~σ) ≡ zir˘(τ, ~σ)−
li(τ, ~σ)
1 + l0(τ, ~σ)
zτr˘ (τ, ~σ)
)
,
o
zτµ(τ, ~σ) =
(
1
N(τ, ~σ)
;~0
)
,
o
zr˘µ(τ, ~σ) =
(
−N
r˘
N
(τ, ~σ);3 er˘i (τ, ~σ) = −γ rˇsˇ(τ, ~σ) 3erˇi(τ, ~σ)
)
, (B4)
where now N =
√
g/γ, N rˇ = gτ sˇγ
sˇrˇ (see Appendix A).
The metric becomes
gA˘B˘(τ, ~σ) = z
µ
A˘
(τ, ~σ)ηµνz
ν
B˘
(τ, ~σ) =
o
zµ
A˘
(τ, ~σ)ηµν
o
zν
B˘
(τ, ~σ),
3gr˘s˘(τ, ~σ) =
o
zµr˘ (τ, ~σ)ηµν
o
zνs˘ (τ, ~σ) = −3eir˘(τ, ~σ)3eis˘(τ, ~σ),
gA˘B˘(τ, ~σ) = zA˘µ (τ, ~σ)η
µνzB˘ν (τ, ~σ) =
o
zA˘µ (τ, ~σ)η
µν
o
zB˘ν (τ, ~σ). (B5)
In this case cotriads 3erˇi (τ, ~σ), triads
3eirˇ(τ, ~σ)
[3eir˘(τ, ~σ)
3es˘i (τ, ~σ) = δ
s˘
r˘ ,
3eir˘(τ, ~σ)
3er˘j(τ, ~σ) = δ
i
j ], lapse N(τ, ~σ) and shifts N
rˇ(τ, ~σ) [whose
expression is given in Appendix A] are all functionals of the independent variables zµ(τ, ~σ)
[which do not exist in general relativity, which has no global holonomic basis], the coor-
dinates describing the embedding of 3-surfaces as spacelike hypersurfaces Στ in Minkowski
spacetime.
Let us now consider point dependent Lorentz transformations
ψ(τ, ~σ)→ ψ′(τ, ~σ) = S(Λ(τ, ~σ))ψ(τ, ~σ),
ψ¯(τ, ~σ)→ ψ¯′(τ, ~σ) = ψ¯(τ, ~σ)S−1(Λ(τ, ~σ)). (B6)
and their action on the 4-spin connection
4ωAˇ(τ, ~σ)
o
Λ(τ, ~σ) −→ S(Λ(τ, ~σ)) 4ωAˇ(τ, ~σ)S−1(Λ(τ, ~σ))− ∂AˇS(Λ(τ, ~σ))S−1(Λ(τ, ~σ)). (B7)
for Λ(τ, ~σ) = L(l(τ, ~σ),
◦
l) [see Appendix C for the associated Lorentz transformation]. Then,
by using
◦
ψ˜(τ, ~σ) = S−1(L)ψ˜,
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DAˇ = ∂Aˇ − 4 ◦ωAˇ,
0 = 4ωAˇ = S(L)
4 ◦ωAˇS
−1(L) + ∂AˇS(L)S
−1(L),
⇒ 4 ◦ωAˇ = −S−1(L)∂AˇS(L),
γµzAˇµ ∂Aˇψ˜ = S(L)γ
µ ◦z
Aˇ
µ
◦
DAˇ
◦
ψ˜. (B8)
we get the following form for the action for Dirac fields
S =
∫
dτd3σN(τ, ~σ)
√
γ(τ, ~σ)[
i
2
◦
¯˜ψ(γµ
◦
z
Aˇ
µ
◦
~DAˇ −
◦←
DAˇ
◦
z
Aˇ
µγ
µ)
◦
ψ˜ −m
◦
¯˜ψ
◦
ψ˜](τ, ~σ), (B9)
An analogous action could be written in tetrad gravity by using the expression of the
4-spin connection in terms of cotriads, lapse and shifts and this is the form of action to be
used for defining the Hamiltonian description of fermion fields in tetrad gravity [one could
also use Eq.(B1) with the 4-spin connection expressed in terms of cotriads, lapse and shifts].
In Minkowski spacetime it is more convenient to use Eq.(B3) [namely Eq.(B1) in a
holonomic basis] rather than either Eq.(B9) or Eq.(B1) in other bases.
For instance in pseudoclassical electrodynamics in an arbitrary basis, Eq.(B1) becomes
[for the sake of simplicity we write ψ for ψ˜ and ψ¯ for ψ˜†γo]
L(τ, ~σ) = N(τ, ~σ)
√
γ(τ, ~σ){ i
2
ψ¯(τ, ~σ)γµzAˇµ (τ, ~σ)(
~DAˇ −
←
DAˇ)ψ(τ, ~σ) +
+ eAAˇ(τ, ~σ)ψ¯(τ, ~σ)γ
µzAˇµ (τ, ~σ)ψ(τ, ~σ)−mψ¯(τ, ~σ)ψ(τ, ~σ) +
− 1
4
gAˇCˇ(τ, ~σ)gBˇDˇ(τ, ~σ)FAˇBˇ(τ, ~σ)FCˇDˇ(τ, ~σ)} =
= N(τ, ~σ)
√
γ(τ, ~σ){ i
2
ψ¯(τ, ~σ)γµzAˇµ (τ, ~σ)∂Aˇψ(τ, ~σ)−
i
2
∂Aˇψ¯(τ, ~σ)γ
µzAˇµ (τ, ~σ)ψ(τ, ~σ) +
+
1
8
ψ¯(τ, ~σ)4ωAˇαβ(τ, ~σ)
[
γµ, σαβ
]
+
zAˇµ (τ, ~σ)ψ(τ, ~σ)−mψ¯(τ, ~σ)ψ(τ, ~σ)}+
+ eAAˇ(τ, ~σ)ψ¯(τ, ~σ)γ
µzAˇµ (τ, ~σ)ψ(τ, ~σ)−mψ¯(τ, ~σ)ψ(τ, ~σ) +
− 1
4
gAˇCˇ(τ, ~σ)gBˇDˇ(τ, ~σ)FAˇBˇ(τ, ~σ)FCˇDˇ(τ, ~σ)}, (B10)
to be compared with Eq.(B3) in the holonomic basis for the Dirac subsystem.
In the nonholonomic basis (B4) and without the electromagnetic field for the sake of
simplicity, Eq.(B1) becomes
L(τ, ~σ) = N(τ, ~σ)
√
γ(τ, ~σ){ i
2
◦
ψ¯(τ, ~σ)γµ
◦
z
Aˇ
µ (τ, ~σ)(
◦
~DAˇ −
◦←
DAˇ)
◦
ψ(τ, ~σ) +
+ eAAˇ(τ, ~σ)
◦
ψ¯(τ, ~σ)γµ
◦
z
Aˇ
µ (τ, ~σ)
◦
ψ(τ, ~σ)−m
◦
ψ¯(τ, ~σ)
◦
ψ(τ, ~σ) +
− 1
4
gAˇCˇ(τ, ~σ)gBˇDˇ(τ, ~σ)FAˇBˇ(τ, ~σ)FCˇDˇ(τ, ~σ)} =
=
√
γ(τ, ~σ){ i
2
( ◦
ψ¯(τ, ~σ)γ0∂τ
◦
ψ(τ, ~σ)− ∂τ
◦
ψ¯(τ, ~σ)γ0
◦
ψ(τ, ~σ)
)
+
− i
2
N rˇ(τ, ~σ)
( ◦
ψ¯(τ, ~σ)γ0∂rˇ
◦
ψ(τ, ~σ)− ∂r¯ψ¯(τ, ~σ)γ0ψ(τ, ~σ)
)
+
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− i
8
Fij(τ, ~σ)
◦
ψ¯(τ, ~σ)γ0γiγj
◦
ψ(τ, ~σ)− i
2
(
Tr3K(τ, ~σ)
) ◦
ψ¯(τ, ~σ)γ0
◦
ψ(τ, ~σ)}+
+ N(τ, ~σ)
√
γ(τ, ~σ){ i
2
◦
ψ¯(τ, ~σ)3erˇi (τ, ~σ)γ
i
(
∂rˇ
◦
ψ(τ, ~σ) +
1
4
4ωrˇjk(τ, ~σ)γ
jγk
◦
ψ(τ, ~σ)
)
+
− i
2
(
∂rˇ
◦
ψ¯(τ, ~σ)− 1
4
4ωrˇjk(τ, ~σ)
◦
ψ¯(τ, ~σ)γkγj
)
3erˇi (τ, ~σ)γ
i
◦
ψ(τ, ~σ)−m
◦
ψ¯(τ, ~σ)
◦
ψ(τ, ~σ)},
(B11)
where [3Kij is the extrinsic curvature of Στ embedded in Minkowski spacetime]
Fij(τ, ~σ) ≡
(
3eirˇ(τ, ~σ)
3esˇj(τ, ~σ) + 3
3ejrˇ(τ, ~σ)
3esˇi (τ, ~σ)
)
∂sˇN
rˇ(τ, ~σ) +
− N rˇ(τ, ~σ)
(
3eisˇ(τ, ~σ)∂rˇ
3esˇj(τ, ~σ) + 3
3ejsˇ(τ, ~σ)∂rˇ
3esˇi (τ, ~σ)
)
+
+ 3eirˇ(τ, ~σ)∂τ
3erˇj(τ, ~σ) + 3
3ejrˇ(τ, ~σ)∂τ
3erˇi (τ, ~σ),
3Krˇsˇ(τ, ~σ) =
1
2N(τ, ~σ)
[
∂sˇNrˇ(τ, ~σ)− ∂rˇNsˇ(τ, ~σ)− ∂τ 3grˇsˇ(τ, ~σ)
]
,
T r3K(τ, ~σ) ≡ −3eirˇ(τ, ~σ) 3esˇi (τ, ~σ)∂sˇN rˇ(τ, ~σ) +N rˇ(τ, ~σ) 3eisˇ(τ, ~σ)∂rˇ 3esˇi (τ, ~σ) +
− 3erˇ i(τ, ~σ)∂τ 3erˇi (τ, ~σ). (B12)
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APPENDIX C: TRANSFORMATION PROPERTIES OF THE DIRAC FIELD
UNDER WIGNER BOOSTS.
We can give an exponential form [23] of the Wigner boost of Eq. (A9)
Lµν(p,
o
p) = exp [ω(p)I(p)]µν =
= [ cosh (ω(p)I(p)) + sinh (ω(p)I(p))]µν =
= [I − I2(p) + I2(p) coshω(p) + I(p) sinhω(p)]µν ,
Lµν(
o
p, p) = exp [− ω(p)I(p)]µν , (C1)
where
coshω(p) =
ηp0√
p2
, sinhω(p) = η
|~p|√
p2
,
I(p) ≡ ‖ I(p)µ.ν ‖=
(
0 − pj|~p|
pi
|~p| 0
)
,
Iµν(p) = −Iνµ(p), I3(p) = I(p). (C2)
If we consider the generating function of the canonical transformation of Eq.(40)
F(ps) = 1
2
ω(ps)Iµν(ps)S
µν , (C3)
with Sµν the total spin of Eq.(35) [and not only Sµνs as one would have for scalar fields], we
get
o
ψ (τ, ~σ) = exp{F , .}∗Dψ(τ, ~σ) ≡
= ψ(τ, ~σ) + {F , ψ(τ, ~σ)}∗D +
1
2
{F , {F , ψ(τ, ~σ)}∗D}∗D + ... =
= ψ(τ, ~σ) +
i
4
ω(ps)Iµν(ps)σ
µνψ(τ, ~σ) + ... =
= exp [
i
4
ω(ps)Iµν(ps)σ
µν ]ψ(τ, ~σ). (C4)
This shows that this canonical transformation implements on the Dirac fields the action
of Wigner boosts realized by using the standard representation of Lorentz transformations
in terms of Dirac matrices [24]
S(L(
o
ps, ps)) = exp [
i
4
ω(ps)Iµν(ps)σ
µν ]. (C5)
Since we have from Section IV
{x˜µs ,
o
ψ (τ, ~σ)}∗D = {x˜µs , S(L(
o
ps, ps))ψ(τ, ~σ)}∗D =
= −∂S(L(
o
ps, ps))
∂psµ
S−1(L(
o
ps, ps))
o
ψ (τ, ~σ) +
31
− i
4
ǫAν (u(ps))ηAB
∂ǫBρ (u(ps))
∂psµ
S(L(
o
ps, ps))σ
νρS−1(L(
o
ps, ps))
o
ψ (τ, ~σ) =
=
[
− ∂S(L(
o
ps, ps))
∂psµ
S−1(L(
o
ps, ps)) +
− i
4
ησB
∂ǫBρ (u(ps))
∂psµ
Lρη(ps,
o
ps)σ
ση
] o
ψ (τ, ~σ), (C6)
to verify {x˜µs ,
o
ψ (τ, ~σ)}∗D = 0, see Eq.(43), we need the evaluation of ∂S(L(
o
ps,ps))
∂psµ
.
In Ref. [25], there is the following formula
∂eB(λ)
∂λ
=
∫ 1
0
dxexB(λ)
∂B(λ)
∂λ
e−xB(λ)eB(λ), (C7)
giving the derivative with respect to a continous parameter λ of the exponential of an
operator B(λ). If we put
A(ps) ≡ i
4
ω(ps)Iµν(ps)σ
µν = − i
2
ω(ps)
|~ps| psiσ
0i,
S(L(
o
ps, ps)) = e
A(ps), (C8)
and if we suppose pµs = p
µ
s (λ), we have
a)
∂eA(ps(λ))
∂λ
=
∂psµ(λ)
∂λ
∂eA(ps(λ))
∂psµ
,
b)
∂eA(ps(λ))
∂λ
=
∫ 1
0
dxexA(ps(λ))
∂A(ps(λ))
∂λ
e−xA(ps(λ))eA(ps(λ)) =
=
∂psµ(λ)
∂λ
∫ 1
0
dxexA(ps(λ))
∂A(ps(λ))
∂psµ
e−xA(ps(λ))eA(ps(λ)). (C9)
This implies
∂S(L(
o
ps, ps))
∂psµ
=
∂eA(ps)
∂psµ
=
∫ 1
0
dxexA(ps)
∂A(ps)
∂psµ
e−xA(ps)eA(ps). (C10)
Following Ref. [25], the solution of this equation is
∂eA(ps)
∂psµ
=
∞∑
n=0
[
An(ps),
∂A(ps)
∂psµ
]
(n+ 1)!
eA(ps), (C11)
where [An, B] means
[A0, B] = B, [A1, B] = AB − BA,
[An+1, B] =
[
A, [An, B]
]
. (C12)
From the following commutators of Dirac matrices
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[γµ, γν ] = −2iσµν ,
[σµν , γρ] = 2i(γµηνρ − γνηµρ),
[σµν , σαβ] = 2iCµναβγδ σ
γδ, (C13)
and using Eq.(C2), we get
∂S(L(
o
ps, ps))
∂psµ
=
[ i
2
psiσ
0i
ǫ2s(ps0 + ǫs)
(
pµs + 2ǫsη
µ
0
)
− i
2
σ0µ
ǫs
+
+
i
2
psiσ
iµ
ǫs(ps0 + ǫs)
]
S(L(
o
ps, ps)) =
=
[
− i
4
ησB
∂ǫBρ (u(ps))
∂psµ
Lρ.η(ps,
o
ps)σ
ση
]
S(L(
o
ps, ps)). (C14)
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